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Abst ract - -There  are many investigations of Lagrange interpolation operators. In this paper, we 
study norms of Hermite interpolation operators on some function spaces. 
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1. INTRODUCTION 
It is well known that the norm of the Lagrange interpolation operator Ln [1-3] is given by 
~[-~n+l IlLnll = II A.~i=I Ili(')l Iloo, where li(x) (i = 1, 2 , . . . ,  n+l )  are coefficients of Lagrange interpolation 
on nodes {ti} in [a, b] satisfying a ~ tl < t2 < .-. < t~+l _< b. In this paper, we study norms of 
some Hermite interpolation operators. First we estimate the norm of the Hermite interpolation 
operator on C1[-1, 1] and next give the norm of an extended Hermite interpolation operator on 
an extended space (~1[-1, 1] of C1[-1, 1]. 
2. AN EST IMAT ION OF THE NORM OF 
THE HERMITE  INTERPOLAT ION OPERATOR 
It is well known that for a function f c C1[-1, 1] and for nodes {ti} satisfying -1  < tl < t2 < 
""  < tn+l _< 1, there exists a unique polynomial solution P2,~+l(x) with degree 2n + 1 of the 
Hermite interpolation problem [4], and it is given by 
n+l  
P2~+I(x) = E { hdx)f(t i )  + h i (z ) f ' ( td},  
i=l 
where 
hi(x) = {1 - 2l' i (ti) (x - t i)} l~(x), 
and 
n+l  x - tj 
= H 
j=l  
i = 1 ,2 , . . . ,n+l .  
Typeset, by .~A/tS-'[~X 
10 S. OGAWA et al. 
Then the following linear operator H is defined: 
H :  C l [ -1 ,  1] --* P2n+l; H(f)(x) = P2n+l(X), 
where P2n+l is the set of all polynomials with degree at most 2n + 1. 
We introduce a norm ]lfll on C I [ -1 ,  1], 
Ilfll = sup max{I f (x) l ,  If'(x)l } = max{l l f l l~ ,  [If ' l l~} 
I~t<_1 
where 
IIfIl~ = sup If(z)l. 
Ixl_<l 
It is obvious that  Hfll for f c C1[-1,1] satisfies the axioms of a norm. If we define the norm 
of H [5] by 
IIHII = sup IIH(f)ll, 
Ilfll_<l 
H is a bounded linear operator on C I [ -1 ,  1] and depends only on {ti} (i = 1, 2 , . . . ,  n + 1). 
The norm [[H[I is estimated as follows. 
THEOREM 1. 
[IHll ~ m~ {llA(-)ll~ + 1, IIB(.)[l~} 
IIHII ~ ma~{l lA( ' ) l l~ - 1, IIB(-)ll~} 
(1) 
(2) 
where 
A(x) = ~i=l j=l hj(x)i 
I i=1 j= l  
n+l  
• It, - t~÷~l + ~ ~(x)  I 
i=1 
n+l  
• It~ - t~+~l + ~ ~(~)  
i=1 
PROOF.  
(1) Taking any f C C1[-1,  1] with fIftl -< 1, and using identities 
n+l  
E aibi = al (bl - b2) + (al + a2) (b2 - b3) 
i=1 
+'"+(a l+ ' "+an) (bn-bn+l )+(a l+ ' "+an+l )bn+l  
and 
hi(x)  + ' "  + hn+l(x) = H(1)(x)  = 1 
z 
and putt ing Si(x) = ~j=l hi(x),  we have 
7Z+l 
H(f)(x) = Z 
z=l  
{hdx)/(td +/~(z)f' (td} 
n+l  
Sdx) {f (ti) - f (t~+l)} + S,~.1(x)f (tn+l) + E hi(x)ff ($i) 
n+l  
S~(x) {f (ti) - f (t~:+l)} + Z hi(x)f' (t~) + f (tn+l). 
z=l 
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Analogously, we obtain 
n+l  
H(f ) ' (x )  = S~(x) { f  (ti) - f (ti+l)} + E h~(x)f' (t,i). 
i=1 i=1 
Taking into account that  
If  (ti) - f (t,+l)[ = If' (~)1 tti - t~+~] _< It~ - ti+l[ 
t f ' ( td l<-X and If (tn+~)l -< l, 
we have IH(f)(x)l <_ A(x) + 1 and IH(f) '(z) l  _< B(z), and therefore, 
IIH(f)tl = max {llH(f)llo~, IIH(f)'I I~} 
_< max {IIA(.)II~ + 1, IIB(')II~}. 
As consequence, we have 
IIHII _< max{llA(') l l~ + 1, lIB(')llo~}, 
(2) Let us put L = max{llA(.)l l~ -1 ,  IIB(-)iI~}. In order that  tlHII >_ L, it is sufficient to 
show that,  for a sufficiently small e > 0, there exists a function fo(x) E C1[-1 ,  1] such that  
II/011 _< 1 and IIH(f0)ll _> L -e .  
We are going to construct he above f0. When nodes {t i} do not contain 0, we add t v = 0, so 
! I / that  -1  ~ 1~ 1 <'"  < [Sp- 1 < tp = 0 < ~p+l  <""  < tn+2 ~ 1 and  ti+ 1 = ti (i = p , . . . ,  n + 1) and 
we define hp(x) and hp(z) by hp(z) = hp(x) = 0. The addition of one point tp does not change 
the preceding considerations. Therefore, we suppose that  the nodes {t~} include 0. There exists 
a point x0 in [ -1,  1] such that 
n+l  
I IA(.) l l~=A(xo) = ISi (xo)l d{ + }--~ Zz~ (xo) 
where d{ = It{ - ti+l I. 
For a sufficiently small e > 0, we define fo(ti) (i = 1, 2 . . . .  
fo (ti) -- 0, 
(x0), 
where 
i=1 
,n+l )  by 
l< i<p-1  
i=p  
p+l  < i<n+l ,  
M = ~ ISi (xo)l 
~,=1 
+1, Sj(Xo) >0,  
sgnSj  (Xo) = -1 ,  Sj (Xo) < O. 
Then I/o(tdl < 1 (i = 1,2 . . . .  , n+l )  and fo ( t i ) - fo ( t i+ l )  = (d i -~/M)sgn  Si(xo) (i = 1, 2 . . . . .  n). 
Since Ifo(ti+l) - fo(ti) l /(t i+l - ti) < 1, we can construct such a function fo(x) C CI [ -1 ,  1] as 
f[)(ti) = sgnhi(xo) (i = 1 ,2 , . . . ,n+ 1), I/o(x)l _< 1 and IZ;(x)l <_ 1. 
Using this fo(x), we have 
n+l  n+l  
g (fo) (Xo) = E h~ (xo) fo (ti) + E h~ (x0) f~ (t~) 
z=l  z=l  
n+l  
= Si (xo) {/o (ti) - fo (ti+l)} + Sn+l (330) f0 ( t ,+ l )  + E h's (Xo) f~ (t~) 
i=1 i=1 
,~ n+l 
= A(zo)  + fo (tn+l) -e .  
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Therefore, we obtain 
[H (fo) (xo)[ > A (xo) - 1 - e and 
IIHI[ -> [[a (fo)[[ ~ liB (fo)ll~ -> A(xo) - 1 - e  = IIA()I[~ - 1 -~ .  
Next we consider H(f) '(x).  Certainly there is a point x0 in [-1, 1] such that IIB(')II~ = 
IB(2o)l = ~i~=1 IS~(&o)ldi + ~+~ [lz~(~0)l. Taking S~(~0) in place of Si(xo) in the preceding 
consideration, we construct ]o(X) like fo(x). Since S~n+l(x) = 0, we have 
(/o)' H (xo) = [B ( :~o)1-E= []B(')[I~ -~,  
and therefore, 
[[H[[ > [[B(.)[[~ -e .  
Thus, we can prove that [[H[[ _> L - e, and therefore [[H[[ _> L. 
3. NORM OF AN EXTENDED 
HERMITE  INTERPOLAT ION OPERATOR 
In the first place, we define an extended function space C1[-1, 1] of C1[-1, 1]. C1[-1, 1] is the 
set of all functions f satisfying the following conditions. 
(1) f (x)  may have finitely many discontinuous points xl, x2, . . . ,Xm ordered as -1  _< Xl < 
X2 < "'" < Xm ~_ 1. 
(2) If -1  < Xl and Xm < 1, f • Cl ( -1 ,x l ) ,  f • C l (x i ,  Xi+l) (i = 1 ,2 , . . . ,m - 1) and 
y • C l (xm,  1). 
(3) There exist f ( -1  + 0), f (x i  + O) (i = 1, 2, . . . ,  m) and f(1 - 0), and we define the values 
of f ( -1 )  and f(1) by f ( -1  + 0) and f(1 - 0), respectively, and f(xi)  by arbitrary finite 
value (i = 1 ,2 , . . . ,m) .  
(4) There exist limits 
f ' ( - l+0)  = lim f ( - l+h) - f ( -1 )  
h~+0 h ' 
f ' (x i -4 -0)= lim f (x i+h) - f (x i±0)  
h-*+0 +h 
and 
f t (1 -O)= lim f (1 -h ) - f (1 )  
h~+0 -h  
We define the derivative of f at x • [-1, 1], D f(x),  by 
f ' ( - l+O) ,  
f ' (x) ,  
D/(x )  = 1 , 
-~ { f  (z~ - O) 
f ' (1 - 0), 
+/ ' ( z~+o)} ,  
Xz  --1 
xe  ( -1 ,1 ) -{X l , . . . ,Xm} 
x • {Xl,...,Xm} - {-1, 1} 
x- -~ l .  
We define a nonnegative r al valued function Ilfl[ on C1[-1, 1] by 
tlfll = max (l l f l l~, II D f[[~} 
and then it is easily verified that Ilfll on C1[-1, 1] satisfies the axioms of a norm. 
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We consider the following problem: for a function f of C1[-1, 1] and for nodes {ti} satisfying 
-1 < tl < t2 < " '  < t ,+l  _< 1, find a polynomial/7/such that H(t~) = f(ti) and H'(ti) = D f(ti) 
(i = 1 ,2 , . . . ,n+ 1). 
Let us call this problem the extended Hermite interpolation problem. It is obvious that the 
unique polynomial solution/52n+1 (x) of this problem is given by 
P2~+1 ~ P2~+1 
n+l  n+l  
P2n+l(x) = E hi(x)f (ti) + E hi(x) D f (ti). 
i=1 i=l  
Then we can define the following linear operator on Cq [-1, 1]: 
/ ) :  C1[ -1 ,  1] ~ P2n+l ;  
and define the norm of H, 11/2/11, by 
II/~ll = 
Then we have the following theorem. 
THEOREM 2. 
sup 
Ilfll_<l 
PROOF. 
H(f)(x) :P2n+l(X), 
IIH(f)ll. 
In the first place, we give an upper bound of 11/2rll. For any function f E C1[-1, 1] with 
Ilfll ~ 1, we have that 
n+l  n+l  
IH(f)(x)l < ~ Ihi(x)l If(t01 + ~ hi(x) IDf(tdl 
i= I  i= l  
n+l  
i=l  
and 
On the other hand, we have analogously 
i= l oo 
and therefore, 
( l ln+l  ~.  
]IHII <_ max~ E ( Ih'(')l + h i ( ' ) )  , 
k II i= l  i i=1  oc  
Next let us show that the right-hand side of the above inequality is also a lower bound of ][HII. 
N'~n+l n+l  h There exists a point Yo e [-1, 1] such that z_,i=] ([hi(yo)]+]hi(yo)]) -- I1 ~ i=]  (I i(')l+thi(')l)][oo • 
Then we can select a function g(x) with []g]l -< 1 from C1[-1, 1] such that 
g (ti) = sgn hi (Y0), 
Dg (ti) = sgn/ti (Y0), 
i = 1 ,2 , . . . ,n+1 
i= l ,2 , . . . ,n+1.  
14 S. OGAWA et al. 
In fact, first we take a function ~(x) of C 1 [-1,  1] such that  ~'(ti) = sgn hi(y0) (i = 1, 2 , . . . ,  n + 1), 
[~'(x)[ < 1 and [~(x)[ < 1. And we define g(z)  by g(ti) -~ sgnhi(y0) (i = 1 ,2 , . . . ,n  + 1) and 
g(x) = ~(x) in [ -1,  1] - { t l , . . . ,  tn+l}. For the above g(z),  the following equations hold: 
n÷l (ti) 
[-I(g)(yo) = h i (yo)g( t i )+  ~-~h i (yo)Dg 
i=l i=l 
n+l n+l 
i=l i=l 
On the other hand, 
/~ _> /~r(g) ~ > /~(g)(y0) = ~i=1 (Ihi(') l  + h i ( ' ) )  o~" 
Analogously, we can prove that  
Thus, 
i : l  oo i=l oo 
is a lower bound of [[/t[[. This proves the theorem. 
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